Boundary Conditions

* To solve the Boundary Layer Equations, we need to have
boundary conditions. One is obvious, no-slip at the wall:
y=0 = u=v=0 T=T,
e The second is the requirement that the velocity and
temperature at the edge of the boundary layer should
approach the those of the undistrubed flow, «, and 7..

¢ Since the velocity at the boundary layer thickness is only
99% (or 95%, depending upon definition) that of the
freestream, this boundary condition is normally
expressed as a limit as y approaches infinity.

yoo = u-u,(x) T —>T,(x)
» Also, the pressure gradient along the wall must be given.
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Impact of Pressure Gradient

« Some impacts of the pressure gradient on the BL flow
can be made without solving the equations.

For example, consider the flow at the wall where, since
the velocity is zero, the momentum equation becomes

just (assuming constant p): d Su
0=-L ;l[%]
dx &),

This shows that the pressure gradient and the 2nd
derivative of velocity at the wall are proportional and
have the same sign.

We should also observe the the 2" derivative must
approach zero from a negative value at the far field in
order to asymptotically approach u,.
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Impact of Pressure Gradient [2]
¢ Thus, the following sketches can be made:

R dp _ (Ju y
dx &? . B}
dy
@ _ 0 . L <0
dx Negative curvature of u(y), dx
linear, constant fuller profile at wall
~_a— 1 slope nearest wall
g )
u - u
u, L e u,
Zero Pressure Gradient ap Favorable Pressure Gradient
Lo
dx

Inflection point
in profile

Esu
u,
Adverse Pressure Gradient
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Impact of Pressure Gradient [3]

This leads to another important observation — that
separation only occurs in adverse pressure gradients.

In order to have a reversed flow region, there must be a
point of inflection in the BL — thus the adverse pressure.

¥

5
Separated Flow Profile

Inflection point
in profile

d -

Sharp wall angles also cause sepération, but that is
because they induce large adverse pressure gradients.
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Blassius Solution

Let’s now look at our first solution to the Boundary Layer
equations for the special case of incompressible and
adiabatic flow with zero pressure gradient.

In this case, the energy equation is not needed since
there is neither compressibility or heat transfer.

The remaining BL equations can be written as:
Ou_ ov _ ou  ou_ pdu _ ou
o o ay o Ty
With the boundary conditions:
y=0 = u=v=0

y—oo = u-u =V,
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Blassius Solution [2]

A solution method proposed by Blassius is based upon a
similarity transformation of the equations.

Experimentation shows that a laminar BL in these
conditions has “similar” velocity profiles— i.e. the BL may
grown in thickness with distance but the basic shape is
always the same.

As a result, Blassius suggested a solution of the type:

ulx, y)=V,.F(n) n=——
g(x)
The function, F(n), is the solution for all x, but it
depends upon the n which is a scaled function of y.

The trick is to select a good scaling parameter, g(x).
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Blassius Solution [3]

o Experimentation has also shown that the boundary layer
grew in proportion to positon by: & 1
X \/RTK
e Thus, Blassius assumed a scaling function in the form:
X px y oV,
& JRe, \ oV, T 0 N
« Another modification which is used to simplify the
analysis is the introduction of the stream function, y:
oy v oy
oy ox
e The stream function only exists in 2-D flow and has the
nice feature that it automatically satisfies continuity:
u v _dy v _,
Ox Oy Oxdy Oyox
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Blassius Solution [4]
¢ Finally, lets make the conversion from out traditional
coordinates (x,y) to a new set or coordinates (&,1):

_ V.
E=x =y |2

« In making this transformation, we will need to also
transform our derivatives. For example:
o 0 oo _ o nd

- A it A S

ox axof oxon oF 2xon

L%iﬂﬁ:ﬁi
d oyo& adyon \ ué on
b a(gj_pn 8

ug o

A

» o\oy
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Blassius Solution [5]
* We can observe that applying these transformations to
the stream function results in: LoV _ PV oy
oy ux on
* However, we also have the assume functionality:
u=V,F(n)
o Thus, the stream function is related to our velocity
profile function by: 4 v
= [ F = i F
n p
¢ Or alternately, introduce a new function, f(n), defined

. dj
vEm=\oi s ra=L

dn =F(n)
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Blassius Solution [6]

« Finally, let's put all these definitions together to
transform our remaining flow equation:
ou  Ou 6 u
U—+v—-=
Ox oy 6y
« First the velocities are transformed:
u=Vv,f"

-2 (o)
—%(\/véwa(n)F%a%(\/vénf(n))
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Blassius Solution [7]
o The first derivatives of velocity are:
ou on e 77
=V,
o 87( f

5" uz'an 1) \F’

= =V Ly
ay “ug
o All together, this becomes:

V’[ 2:’]2\Ff f{ (’]7”[ ’j

* Which looks very daunting. However, after expanding
the terms, this becomes.

AE 302 Aerodynamics IT 205 12/8/2005

Blassius Solution [8]

2§ff 25’7 zgff_gf

¢ And, the 1st and 3 terms cancel out — leaving just:
2"+ f"=0
« Which is an ordinary differential equation with boundary
conditions: =0 = f=f"=0
now = f'>l

* However, this is not a linear ODE! Thus, it must be
solved using a numerical approach.
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Blassius Solution [9]

¢ A plot of the numerical solution from Excel and tabulated
data from Blassius original results are given on the
followinig page.

« The first observation is that the velocity reaches 99% of
freestream at n = 5.

e Thus, the often quoted thickness of a B.L.:

n=50=45 LVﬂ 65=50 ﬂ: 5.0x
o PV, Re,

* However, don't be surprised if you might sometime see a
factor of 5.2 or some other number — the actual edge of
a BL is not a precise location.
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Blassius Solution [10]
¢ Solutions to Blaussius BL Equation:

. e

0 02 04 06 08 1
f=uV
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Blassius Solution [11]
¢ Also, we are interested in finding the wall shear stress:

7, = p[ﬁj =, %= 0y =03320, |10
& ux x

e Or, in terms of the skin friction coefficient
o = Te _o6a | K 0664

Y pV.x \Re,

* When integrated over the chord length of the plate, this
gives the drag coefficient:

16 0.664% [ u 0.664( , [o )
C,=—|c,dx=—"— dx=——|2 |[-—
¢ co’ c -([ oV x c ( mel

1328

d \/Rieﬁ
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Displacement Thickness

* You may have noticed that the definition of the
boundary layer thickness is rather imprecise — it also
lacks much physical significance.

¢ There are two other thickness like properties which are
both better defined and physically significant.

e The first is called the Displacement Thickness, given
either the symbol &* or &, depending upon the author.

« To visualize what displacement thickness means,
imagine a control volume on a flat plate that is bounded
by the wall on one side and a streamline in the
undisturbed flow on the other.
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Displacement Thickness [2]

V,, = freestream velocity

e streamline

H

* To conserve mass, the downstream height of the stream
line Y, is greater than the initial height, H.

« This difference in height is the displacement thickness,
8% = Y — H. Mathematically it can be found by applying
conservation of mass to thHe C.V. ,

o7 )ds == p¥.dy+ [ pudy =0
Y" 0

pV,H:fpudy
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Displacement Thickness [3]
¢ Or, with manipulation:

¥ ¥

Y

PV =[ pudy=[(pu=p,V, +p.V. )y = [(pu=p.V. v+ p.V.Y

d d d
Y Y

. 1 1
=Y -H=— :[(prx 7pu)dy:'[[[lf pprC }1_\1
« Note that this integrand goes to zero outside the
boundary layer — thus we can integrate to any height
greater that 3.

e This gives us our general formula for the displacement
thickness.
[ pu
s*=[|1- )
! [ pJ/,,]d
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Momentum Thickness

* The other thickness parameter of significance is called
the Momentum Thickness, given the symbol 6 or §,.

¢ While the displacement thickness can be thought of as
being related to the deficit of mass flux in a BL,
momentum thickness is related to the momentum flux
deficit — and thus the drag force.

e The derivation is similar to before, but now conservation
of momentum in the CV is used:

ﬁpu(V -)dS :ﬁ dS — ﬁp(z‘ -AMS

H Y
- Idefdy +Ipu2dy =—drag=-d
0 0
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Momentum Thickness [2]
e Or, with simplification: d=pV2H- !pu
e But, from continuity: ]
pV.H= j‘pudy
e Thus, with substltutlon
d=v, qudy fpu dy= Ipu L —u)dy

e The momentum thlckness is then defined by:

0= ”’7:; pu [pi]dy
AT A2

« Note the upper limit of integration was changed since
this integrand also goes to zero outside the BL.
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Blassius Solution For &* and 6

« With these definitions, use the Blassius solution to find
the two new thicknesses for incompressible flow.

* For displacement thickness, the integration results in:

5= "[1——}4 j dydi] \FI - f'Mn= \Fﬂ %

* However, both n andfare zero at the wall, and their
difference approaches the fixed value of ~1.72 far away
from the wall.

e Thus:
w 5* 172
S*=1.72|— —=
U, x  4Re,
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Blassius Solution For 8* and 0 [2]
o For momentum thickness, the integration results in:

Tu u VT
0= '!Z[] *Vt]dy —\/%_!:f (] f )d77

« Unfortunately, this does not have a simple solution.

However, numeric integration of the Blassius solution

gives: 0 0664
x JRe,
¢ A result which could have been anticipated given the

previous solutions for skin friction and drag coefficients.

« Namely that: C = 2'9‘:‘
=2l
C
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Accuracy of the Blassius Solution

* The question remains as to how accurate is the Blassius
solution — and the comparison below with experimental
measurements show it is very aood.
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